We propose a clear definition of the gluon condensate within the large-β 0 approximation as an attempt toward a systematic argument on the gluon condensate. We define the gluon condensate such that it is free from a renormalon uncertainty, consistent with the renormalization scale independence of each term of the operator product expansion (OPE), and an identical object irrespective of observables. The renormalon uncertainty of O(Λ 4 ), which renders the gluon condensate ambiguous, is separated from a perturbative calculation by using a recently suggested analytic formulation. The renormalon uncertainty is absorbed into the gluon condensate in the OPE, which makes the gluon condensate free from the renormalon uncertainty. As a result, we can define the OPE in a renormalon-free way. Based on this renormalon-free OPE formula, we discuss numerical extraction of the gluon condensate using the lattice data of the energy density operator defined by the Yang-Mills gradient flow.
Introduction
In perturbative expansion of observables in QCD, coefficients of the series typically grow factorially as a function of the order and thus the perturbation series is an asymptotic series at best [1] . One of the origins of this growth is a factorial increase of the number of Feynman diagrams with respect to the order. In the renormalized perturbation theory, there is another origin: there exists a class of Feynman diagrams whose amplitude grows factorially [1] [2] [3] . This kind of factorial behavior produces the so-called renormalon ambiguity in perturbation theory of order e −4πu/(β0α) ∼ (Λ 2 /Q 2 ) u , where β 0 is the one-loop coefficient of the beta function, α the renormalized coupling constant and u parametrizes the "strength" of the renormalon; Λ is the renormalization group invariant mass scale and Q is a typical energy scale in the problem under consideration. (β 0 = 11 3 C A − 4 3 T F n f > 0 in our convention.) Especially for the (dimensionless) observables which are Lorentz invariant and dependent on a single energy scale, perturbative calculations suffer from the so-called u = 2 renormalon, and have the inevitable uncertainty of O(Λ 4 /Q 4 ). Examples of such observables are the Adler function, the plaquette, the energy density operator defined by the Yang-Mills gradient flow, etc. 1 The operator product expansion (OPE), which is an extended framework of perturbation theory, is considered to be helpful in overcoming the error due to the renormalon. The OPE of a general observable X(Q 2 ) with the above properties is of the form
in quenched QCD. Here, the coefficients c ½,X and c F F,X denote the Wilson coefficients and the symbol R stands for renormalization. (We can adopt, for instance, the MS scheme to define renormalized composite operators.) The Wilson coefficients are calculated in perturbation theory, whereas the vacuum expectation values (VEVs) of composite operators are generally nonperturbative objects. In particular, the VEV of α π {F a µν F a µν } R (x) is known as the gluon condensate. (These condensates are zero in perturbative calculations in dimensional regularization.) Hence, the Wilson coefficient c ½,X is given by perturbative calculation of X(Q 2 ) and possesses the renormalon uncertainty of O(Λ 4 /Q 4 ). This error is the same order of magnitude as the second term of the OPE, the first nonperturbative effect specified by the gluon condensate. Hence, the gluon condensate has been considered as a key element to overcome the error due to the renormalon. In particular, since the gluon condensate appears universally in the OPE and conceptually has a unique value irrespective of observables, determining this value (in some way) would be quite helpful; it allows us to predict O(Λ/Q) 4 -terms of many observables.
However, in order to determine the gluon condensate numerically in the context of the OPE, one cannot avoid the issue how to deal with the renormalon uncertainty in c ½,X (Q 2 ). In fact, the gluon condensate cannot be determined in the following naive treatment. From the OPE (1.1), the gluon condensate is read off from the coefficient of the 1/Q 4 -term in [X(Q 2 ) − c ½,X (Q 2 )]/c F F,X (Q 2 ) while measuring an observable X(Q 2 ) nonperturbatively (for instance using lattice). However, since c ½,X (Q 2 ) has an error of O(Λ 4 /Q 4 ), the determined gluon condensate has an error of O(Λ 4 ), which is the same size as the gluon condensate itself.
We note that the renormalon uncertainty is the minimum error of perturbation theory. Thus, this argument indicates that the gluon condensate has a significant error even when one has sufficiently large order results.
There have been some proposals concerning treatment of c ½,X (Q 2 ) to extract the gluon condensate [4] [5] [6] [7] [8] (see also Ref. [9] ). An often adopted prescription is to use c ½,X (Q 2 ) that is obtained by truncating the perturbative series at the n * -th order where the n * -th order term is minimal among the terms in the perturbative series. However, the following properties are not assured in this prescription: (i) each term in the OPE is renormalization scale independent, and (ii) the gluon condensate is a universal and identical object irrespective of observables. Regarding the first issue, the truncation order n * varies depending on the renormalization scale since it is given by n * ∼ 8π β0α(µ) . It is explicitly shown in Ref. [10] that, in the so-called large-β 0 approximation, a different choice of the renormalization scale indeed changes the truncated result of c ½,X (Q 2 ). This indicates that c ½ is renormalization scale dependent and so is the second term, which contradicts the usually used property that each term of the OPE is renormalization scale independent. 2 In addition to this, the gluon condensate defined in this way has not been shown to be identical to the ones defined from other observables. If the second property (ii) is not assured, an extracted value of the gluon condensate from an observable has a very limited meaning: it cannot be used as an input in the OPE (1.1) of other observables.
In this paper, using the large-β 0 approximation [11] [12] [13] , we propose a definition of the gluon condensate which explicitly satisfies (i) and (ii). That is, our definition of the gluon condensate is compatible with the renormalization scale independence of each term of the OPE and is unique irrespective of observables. Thus, it qualifies as an input to the O(Λ 4 /Q 4 )-term of the OPE of broad observables. Also, it does not suffer from the renormalon uncertainty of c ½,X (Q 2 ). We achieve this as follows. We regularize the all-order perturbative series of c ½,X (Q 2 ) by introducing an infrared (IR) cutoff scale µ f . Following Refs. [10, 14] , we separate this regularized Wilson coefficient c ½,X (Q 2 ; µ f ) into its cutoff dependent and independent parts, which correspond to the renormalon uncertainty and renormalon independent (renormalonfree) part, respectively. The renormalon-free part becomes the first term in our OPE. On the other hand, the renormalon uncertainty of O(µ 4 f /Q 4 ) 3 is absorbed into the second term of the OPE. It will be shown for some explicit observables that the renormalon uncertainty of the gluon condensate (which is exhibited as the ultraviolet (UV) cutoff dependence) is exactly canceled by this procedure. In other words, each term of our OPE (up to the second term) can be defined as a renormalon-free object. In particular, the second term of our OPE is specified by the renormalon-free gluon condensate whose definition is explicitly given in this paper. 2 An appropriate redefinition of the renormalized operator α π {F a µν F a µν } R (x) and c F F (Q) can make each of them renormalization scale independent at all order since the the operator is proportional to the trace part of the energy-momentum tensor, which is renormalization scale independent. This issue is not relevant to the present argument because the problem is whether the combination of
, which is independent of the redefinition, is renormalization scale dependent or not. We also note that the renormalized operator In this construction, each term of the OPE is also independent of the renormalization scale (that is different from the cutoff scale). This is realized because the first term of our OPE (the renormalon-free part of c ½,X ) is obtained based on all-order perturbative series, which is renormalization scale independent. Moreover, the gluon condensate defined in this paper is observable independent, which is related to universality of the renormalon cancellation. We remark that, however, usefulness of the present work is limited in a practical sense, for instance, in application to a precise numerical determination of the gluon condensate. This is because the large-β 0 approximation, which we rely on, is accurate only at the leading logarithmic level and dose not have its systematic improvement. (To determine the gluon condensate precisely, we at least have to know large order perturbative behavior.) However, we believe that the present work makes an improvement of conceptual understanding on the gluon condensate because we can explicitly show how the gluon condensate is made well defined. It is also notable that the large-β 0 approximation can well simulate the divergent behavior of perturbative series caused by renormalons. We thus expect that the present work provides a foundation to define the gluon condensate with good natures [(i) and (ii)] in a more systematic approach beyond this approximation.
The paper is organized as follows. In Sec. 2, we give a definition of the renormalon-free gluon condensate, which is based on the u = 2 renormalon cancellation in the OPE. In this section, we treat general observables which has the u = 2 renormalon as the first IR renormalon. In Sec. 3, we study some examples and confirm the renormalon cancellation explicitly. A main example is the energy density operator defined by the Yang-Mills gradient flow. The conclusions and discussion are given in Sec. 4 . In Appendix A, we collect our notational conventions. In Appendix B, we explain construction of the large-β 0 approximation in the context of the gradient flow. In Appendix C, we compare the perturbative series of the energy density operator defined by the Yang-Mills gradient flow obtained in the exact calculations and in the large-β 0 approximation. In Appendix D, we report an attempt of a numerical determination of the gluon condensate applying the formula presented in this paper.
Renormalon-free definition of the gluon condensate
To define the gluon condensate unambiguously in the OPE, it is necessary to separate the associated renormalon uncertainty from the Wilson coefficient c ½,X (Q 2 ) in Eq. (1.1). For this, we use the formulation proposed in Ref. [10] , whose review is given in Sec. 2.1. In Sec. 2.2, we present a definition of the renormalon-free gluon condensate in light of the renormalon cancellation. In Sec. 2.3, we consider scheme dependence of a renormalon-free gluon condensate.
Formula to separate renormalon in c ½,X
We consider a Euclidean dimensionless observable X(Q 2 ) which depends on a single scale Q and has the first IR renormalon at u = 2. Let us assume that the leading order (LO) term of X(Q 2 ) in perturbation theory is O(α) and is given by a one-gluon exchanging diagram. This is the case, for instance, for the Adler function 4 and the energy density operator defined by the Yang-Mills gradient flow. For such observables, we can construct all-order perturbative series in the so-called large-β 0 approximation [11] [12] [13] .
The construction is as follows. (See also Appendix B.) We consider insertion of a chain of fermion bubbles into the gluon propagator of the LO diagram; see Fig. 1 . Each bubble produces the factor proportional to α(µ) 4π 4 3 T F n f log(e 5/3 µ 2 /p 2 ), where n f is the number of flavors, µ a renormalization scale, and p the gluon momentum. In Appendix A, we present our convention of normalization factors. In the large-β 0 approximation, we replace −
and then obtain the series as
The function F X (p, Q) is the integrand determined from the LO diagram. In the first equality, we use the fact that the perturbative series of X(Q 2 ) coincides with that of c ½,X (Q 2 ) in the context of the OPE. This is because the condensates in Eq. (1.1) are nonperturbative objects and zero in perturbative evaluation (with dimensional regularization). We note that before the replacement − 4 3 T F n f → β 0 the series gives the leading contribution in the large-n f limit. However, the large-β 0 approximation obtained after this replacement is not justified in any limit of the QCD parameters. Nevertheless, this series gives the exact leading-logarithmic (LL) contribution of perturbative series. In addition, it is empirically known that this series gives a good approximation of the first few to several terms which have been calculated explicitly.
... The series in the large-β 0 approximation can be resummed and expressed as
3) 5 We define the beta function as
where τ is the modulus of the gluon momentum τ = p 2 ; w X (τ /Q 2 ) is a dimensionless function originating from F X (p, Q) 6 and depends on a single variable τ /Q 2 ; α β0 (τ ) is the running coupling specific in the large-β 0 approximation,
Here, we used the expression of the one-loop running coupling α(µ) = 4π β0
, where Λ is a renormalization group independent scale: Λ 2 = µ 2 e −4π/(β0α(µ)) . We note that Eq. (2.3) is independent of the renormalization scale.
Eq. (2.3) is just formal because the integrand has a single pole on the integration path at τ = e 5/3 Λ 2 . We regularize this quantity with an IR cutoff scale µ f :
where Λ ≪ µ f ≪ Q. This resummed quantity explicitly depends on the regularization parameter (the cutoff scale). This feature that the resummation depends on how to be regularized is common in the presence of the IR renormalons. In this formulation, the IR renormalons are related to the function w X : the IR renormalons determine the expansion of w X (x) in x [15] . In particular, the u = 2 renormalon as the first IR renormalon leads to
Thus, the cutoff dependence (dependence on µ f /Q) of Eq. (2.5) is determined by the IR renormalons. In this sense, the cutoff dependence corresponds to the renormalon uncertainty.
On the other hand, a cutoff independent part, which potentially exists, corresponds to the renormalon-free part. This motivates us to extract the cutoff independent part from Eq. (2.5), which is precisely calculated in a renormalon-free way. This is carried out by (I) rewriting the integrand by a new analytic function W X (z) defined in the complex z-plane and satisfying 2 ImW X (z) = w X (z) for z ∈ R ≥0 , and then (II) deforming the integration contour in the complex τ plane. The function W X (z) can be constructed by
With this function we can rewrite Eq. (2.5) as
where the integration contours C a and C b are displayed in Fig. 2 . 6 An explicit relation between F X (p, Q) and w X (τ /Q 2 ) is given by
where
The integration contours C a and C b used in Eq. (2.8).
The integral along C a is obviously independent of µ f . Actually, we obtain µ f -independent parts also from the integral along C b . In this integral, we first expand W X (z) in z:
As a generic feature with the first IR renormalon at u = 2, the coefficients of the z 0 -and z 1 -terms are real whereas the coefficient of the z 2 -term is complex. (a 2,X (z) is a polynomial of log z.) This follows from Eq. (2.6) and 2 ImW X (z) = w X (z) for z ∈ R ≥0 . For a real part (i.e., a term with coefficient a n,X ), the integral is evaluated as
In the first equality, we used a property of the integrand {f (z)} * = f (z * ). Thus, the integration path can be deformed to a circle surrounding the pole, which yields the µ f -independent result. On the other hand, the integral of the b 2,X -term,
remains µ f -dependent. In this way, we have separated the µ f -independent part c RF ½,X (Q), which is the renormalon-free part, from the µ f -dependent part:
In Eq. (2.12), the first term, c RF ½,X (Q 2 ), is µ f -independent and its asymptotic form is ∼ α(Q) [10] . The second term is µ f dependent and represents the leading µ f dependence of c ½,X (Q 2 ; µ f ) as O(µ 4 f /Q 4 ). 7 Thus, the first term gives a dominant contribution at large Q due to 1/Q 2 ∼ e −4π/(β0α(Q)) . Hence, Eq. (2.12) can be regarded as an expansion in 1/Q. The last term of O(1/Q 6 ) generally has both cutoff independent and dependent terms but dose not play any role in the following discussion.
Applying this formulation, one can calculate c RF ½,X (Q 2 ) for explicit observables. In particular, once the function w X for the observable under consideration is obtained, one can follow the above calculations. As an example, we will study the energy density operator defined by the Yang-Mills gradient flow in Sec. 3.
Renormalon-free definition of the gluon condensate in light of renormalon cancellation
Let us consider the relation between the Wilson coefficient we have calculated [c ½,X (Q 2 ; µ f )] and the OPE. We have regularized the Wilson coefficient c ½,X (Q 2 ) with the IR cutoff scale µ f . It implies that UV contributions are calculated as the perturbative contribution. Accordingly, it is natural that the remaining mode below the cutoff scale is represented by the nonperturbative contributions. 8 Hence, we introduce µ f as the UV cutoff scale to the condensates in the OPE. Thus, we perform the OPE as 14) where the gluon condensate possesses the UV cutoff scale µ f . For c F F,X , we eliminate the argument Q since it is a Q-independent constant under the approximation we consider. 9 In Eq. (2.14), the cutoff dependence should be canceled in the sum of the first and second terms because the observable is independent of the cutoff. Remember that the cutoff dependence of the first term represents the renormalon uncertainty. Hence, such a cancellation corresponds to the renormalon cancellation in the OPE. If this is true, the µ f dependence of the second term of Eq. (2.14) should be given by
since the cutoff dependence is canceled in the quantity 8 This is analogous to the integration-by-regions argument [16, 17] , where hard contributions in loop integrals are identified with Wilson coefficients whereas soft contributions correspond to condensates. 9 As seen from the explicit calculation in Eq. (2.17) below,
has the same order of magnitude as c ½,X (Q 2 ; µ f ) in the large-β 0 approximation. (They are O(α).) Since in the OPE Eq. (2.14), each term has the same order of magnitude in the large-β 0 approximation, the coefficient c F F,X , which is calculated in perturbation theory, is thus O(α 0 ) and does not have Qdependence. (We note that c F F,X is renormalization scale independent at the one-loop level.) the large-β 0 approximation with the UV cutoff. In calculating this local product, we use a naive point-splitting regularization and then contract the gauge fields. It reads
This cutoff dependence is regarded as the renormalon uncertainty of the gluon condensate. 10 One sees that using Eq. (2.17) the both side of Eq. (2.15) have the same τ -integral. Hence, the renormalon cancellation (2.15) requires
We can confirm the relation (2.19) (equivalent to the renormalon cancellation) for explicit examples below (Sec. 3). Thus, we use this relation in the following general argument.
We now define the renormalon-free gluon condensate. Using the separation formula obtained in Eq. (2.12), we express the OPE (2.14) as
Then using the relation (2.19), we obtain
Here we make the renormalon uncertainty of c ½,X (Q; µ f ) absorbed into the second term and define the renormalon-free gluon condensate as is renormalization scale independent. This stems from the fact that the first term c RF ½,X (Q 2 ) is renormalization scale independent (since it is based on the all-order perturbative series) and the observable X(Q 2 ) is, of course, renormalization scale independent. This is again consistent with the original OPE structure. In this way, we realize the definition of the gluon condensate with desired properties.
The renormalon-free gluon condensate is considered to have nonperturbative contribution. Thus, it is difficult to calculate this quantity theoretically. Instead, treating it as a fitting parameter, we extract its value from comparison of the renormalon-free OPE (2.21) with a measurement of X(Q 2 ) (for instance using lattice simulations) [see Appendix D] . 11 This quantity depends only on the dynamical scale Λ and is independent of the regularization parameter µ f . We again emphasize that the value of the gluon condensate is common regardless of chosen observables. Hence, once its value is determined from an observable, its value can be used in the renormalon-free OPE (2.21) of other observables as an input to predict the Λ 4 /Q 4 -terms. Such a prediction is beyond perturbation theory because it overcomes the error of the renormalon uncertainty of O(Λ 4 /Q 4 ).
Conversion to other schemes
There are potentially many schemes to define the renormalon-free gluon condensate. In this sense, we adopt one of possible schemes. Scheme conversion can be done by changing identification of a cutoff independent part. One can change a cutoff independent part to
where s X is a (Q-independent) constant. Then, the OPE (2.20) is rearranged in this different scheme as
It is notable that in order to keep the observable independent nature of the renormalonfree gluon condensate, the parameter s X should be taken as s X = c F F,X s ′ , where s ′ is an 11 The first term c RF ½,X (Q) can always be calculated theoretically according to the above method.
arbitrary constant and is independent of observables. Namely, s X is not completely arbitrary but should be proportional to c F F,X . Once s X is taken in this way, the renormalon-free gluon condensate defined in this new scheme satisfies the three features stated in Sec. 2.2. However, as seen from this discussion, it seems quite natural to choose the scheme with s X = 0, where the gluon condensate is obviously independent of observables. In addition, the scheme where s X = 0 corresponds to a minimal subtraction of the cutoff dependence of the gluon condensate.
We note that the existence of other schemes as above is not problematic. This is because the gluon condensate is not directly related to a physical observable but is a partial contribution to it. Thus the gluon condensate can be scheme dependent in the above sense. We also note that, however, we have now clarified the relation between different schemes as given in Eq. (2.25). It allows us to compare the gluon condensates in different schemes systematically.
Explicit examples
In this section, we study explicit examples: the Adler function and the energy density operator defined by the Yang-Mills gradient flow. We also mention the previous work concerning the static QCD potential. We explicitly confirm the renormalon cancellation (2.19) for these quantities.
Adler function
As the first example, we consider the reduced Adler function D(Q 2 ) [18] . 12 It is defined as
for n f = 1 and G = SU (N ), where Π(Q 2 ) is a correlator of the quark current J µ (x) = q(x)γ µ q(x), 13
The renormalon separation for the reduced Adler function has been calculated in Refs. [10, 14] . In particular, c RF ½,D (Q 2 ) has been explicitly obtained. The result has the same form 12 The reduced Adler function is defined such that its perturbative expansion starts at O(α). 13 Although we basically consider quenched QCD in this paper, the quark field is necessary to consider the Adler function. Here, we briefly discuss modification of our analysis for QCD with massless quarks. In this case, the condensate of the dimension-4 operator ψ / Dψ can appear in the OPE. The renormalon uncertainty of this condensate, which is exhibited by the cutoff dependence, can appear at O(α) since the cutoff is introduced to the gluon momentum in our calculations. However, the contribution at this order is zero, as shown by an explicit perturbative calculation, where the two diagrams are canceled. Hence, it does not show cutoff dependence at this order. As a consequence, this condensate does not have the renormalon uncertainty in the large-β 0 approximation. This is indeed consistent with the observation below that the renormalon uncertainty of c ½ is canceled against that of the gluon condensate alone. We note that, however, this does not necessarily mean ψ / Dψ = 0 since we might have nonperturbative contributions. In this sense, it would be appropriate that we add ψ / Dψ /Q 4 to the OPE of Eq. (3.6).
as Eq. (2.12):
where 
where the renormalon-free gluon condensate (2.22) properly emerges.
Energy density operator in the Yang-Mills gradient flow As the second example, we investigate the energy density operator defined by the Yang-Mills gradient flow (which is denoted byÊ(t −1 ) below), where the typical scale is Q 2 = t −1 . (t is the flow time as explained shortly.) We first extract the renormalon-free part c ½,Ê (t −1 ) using the method in Sec. 2.1 and then examine the renormalon cancellation.
The Yang-Mills gradient flow [20, 21] is a one-parameter evolution of the gauge field A µ (x) defined by the flow equation, 14
t ≥ 0 is called the flow time, where dim[t] = −2; B µ (t, x) is the flowed gauge field and coincides with A µ (x) at t = 0; G µν (t, x) is the field strength of the flowed gauge field B µ (t, x), 8) and the covariant derivative is also defined with respect to B µ (t, x),
We define the energy density operator as
As the renormalizability theorem [22] implies, its VEV is a renormalized finite quantity although it is a certain combination of the bare gauge fields through the flow equation. 15 Thus, this quantity can be regarded as a physical observable and is quite useful for the scale setting and the non-perturbative definition of the gauge coupling in the context of lattice gauge theory; see a review [24] and a recent paper [25] and references cited therein. In the following, we study the dimensionless energy density operator given bŷ
We calculateÊ(t −1 ), in particular its Wilson coefficient of the identity operator in the small-flow time expansion (analogue to the OPE) in the large-β 0 approximation. In Appendix B, we explain how to apply the large-β 0 approximation in the gradient flow formalism. From Eq. (B12), the Wilson coefficient of the identity operator forÊ is obtained as 13) where the constant A is given by Eq. (2.18). To extract the renormalon-free part, we construct WÊ [cf. Eq. (2.7)]. For convenience, we present WÊ + (z) ≡ WÊ(−z), which has no singularities for a real positive z:
where Γ (a, z) ≡ ∞ z dt t a−1 e −t is the incomplete Gamma function. According to the method in Sec. 2.1, we can construct the renormalon-free part through the function WÊ(z) and its expansion in z,
We then obtain c ½,
is obtained from the general result (2.13), but for the integral along C a we deform the integral path C a into τ = 0 → −∞ using a good convergence property of WÊ(z) at |z| → ∞. In Fig. 3 , we plot the renormalon-free part c RF ½,Ê for G = SU (3) (and n f = 0). due to G a µν G a µν ∼ F a µν F a µν at the tree-level (after subtracting c ½,Ê ). 16 These results [Eqs. (3.18) and (3.19) ] indicate the renormalon cancellation (2.19). Hence, we can perform the OPE in a renormalon-free way: 20) where the renormalon-free gluon condensate appears.
Static QCD potential The static QCD potential at very short distances has the first IR renormalon at u = 2. In Ref. [28] , the above renormalon separation has been carried out, and as a result, the renormalon-free gluon condensate (2.22) has been shown to appear in its OPE.
Conclusions and discussion
In this paper, we gave a clear definition of the gluon condensate. It is given in the context of the OPE of the observables whose perturbative predictions suffer from the O(Λ 4 ) (u = 2) renormalon uncertainty. The definition of the gluon condensate is closely related to the issue how to treat the renormalon uncertainty of the Wilson coefficient of the identity operator, which is the first term of the OPE. (For perturbative evaluation, we used the large-β 0 approximation.) In our formulation, we separated the renormalon uncertainty of the Wilson coefficient from the renormalon-free part using a recently suggested analytic formula. The renormalon-free part is the first term of our OPE, while the renormalon uncertainty is absorbed into the second term described by the gluon condensate. It was explicitly shown for some examples that by this procedure the renormalon uncertainty of the gluon condensate (which is exhibited by the UV cutoff dependence) is canceled. We defined this renormalonfree quantity as the gluon condensate. It has the following desired properties: it is free from the renormalon uncertainty of O(Λ 4 ), consistent with the renormalization scale invariance of each term of the OPE, and an identical object irrespective of observables. Thus our definition is free from various instabilities, while the above properties are not always assured in previously adopted definitions of the gluon condensate in the literature.
Explicit advantages of the above definition can be stated as follows. First, the renormalonfree gluon condensate is independent of the artificially introduced parameter (namely, the cutoff scale) and is dependent only on the dynamical scale Λ. Thus, it would be a proper quantity to detect the low energy dynamics of QCD. Secondly, since it is defined as a universal quantity regardless of chosen observables, it has a unique value. Therefore, once the value is extracted from the renormalon-free OPE formula of an observable, it can be used as an input to predict the O(Λ 4 ) term of other (and many) observables. Hence, such a formulation is quite useful to overcome the renormalon problem that the O(Λ 4 )-term of observables cannot be predicted in perturbation theory.
As a main example in this paper, we studied the energy density operator defined by the Yang-Mills gradient flow. We investigated its renormalon structure (Appendix B) and extracted its renormalon-free part (Sec. 3). We also discussed a numerical determination of the defined gluon condensate using the lattice data of this quantity (Appendix D).
We remark that our results and discussion are all based on the large-β 0 approximation. Since the large-β 0 approximation is accurate only at the leading logarithmic level, it is required to further develop this framework in order to realize a more realistic and preferable definition of the gluon condensate. Indeed, the current framework is shown to be insufficient at a practical level as discussed in Appendix D, where we attempt to determine the gluon condensate numerically using lattice data of the energy density operator defined by the Yang-Mills gradient flow. Nevertheless, the present work demonstrated how the gluon condensate can be a theoretically well-defined quantity in the large-β 0 approximation, which can simulate the renormalon divergence of perturbative series in QCD qualitatively. We believe that this knowledge promotes theoretical understanding on the renormalon uncertainty, the gluon condensate, and the OPE. We also expect that this work provides a foundation of constructing a more systematic framework beyond the large-β 0 approximation. 17 We hope to come back this issue in near future.
A. Notational convention
We set the normalization of anti-Hermitian generators T a of the representation R of the gauge group G as tr R (T a T b ) = −T R δ ab and T a T a = −C R ½. We denote tr R (1) = dim(R).
From the structure constants defined by [T a , T b ] = f abc T c , we set f acd f bcd = C A δ ab . For example, for the fundamental N representation of G = SU (N ) for which dim(N ) = N , our normalization is
The D-dimensional Euclidean action of the vectorial gauge theory is given by
The field strength is defined by
for A µ (x) = A a µ (x)T a and F µν (x) = F a µν (x)T a , where g 0 is the bare gauge coupling. The covariant derivative on the fermion is
and / D ≡ γ µ D µ , where γ µ denotes the hermitian Dirac matrix.
B. Large-β 0 approximation in the Yang-Mills gradient flow
We explain how to calculateÊ(t −1 ) [given in Eq. (3.11)] in the large-β 0 approximation. First, to extract a gauge invariant subset of Feynman diagrams that gives renormalon, we consider the large-n f approximation (n f ≫ 1), while g 2 0 n f is held fixed; g 0 is the bare gauge coupling. With our notational convention in Appendix A, the bare propagator of the gauge field in the large-n f approximation is given by 18
where λ 0 is the bare gauge fixing parameter. Note that the insertion of the fermion vacuum polarization into the gluon propagator is not suppressed but its contribution is O(n 0 f ). Hence, in this expression, we have the factor [1 − ω(p)] −1 arising from the geometric sum of fermion loop chains in Fig. 1, where ω(p) is the vacuum polarization given by
and γ E is the Euler constant. From Eq. (B3), we see that the renormalization in the MS scheme is accomplished by
Then the renormalized gauge field propagator at leading order in the large-n f approximation is given by
Note that there is no need of the wave function renormalization of the gauge field at the order we consider. The large-n f approximation can also be considered for correlation functions of the flowed gauge fields defined by Eq. (3.7) . The formal solution of Eq. (3.7) is given by [21] 
is the heat kernel and
represents non-linear terms in the flow equation (3.7) . Then by iteratively solving Eq. (B6), we have a perturbative expansion of the flowed field B µ (t, x) in terms of the initial value A ν (y). A correlation function of the flowed gauge fields B in perturbation theory is then computed as a correlation function of A. In particular, the leading flowed gauge field propagator g 2 0 B a µ (t, x)B b ν (s, y) is given by, after the substitutions
, contracting A a ρ (z) and A b σ (w) by Eq. (B2); the contribution of the non-linear term R µ (B8) always lowers the power of n f . In this way, the flowed gauge field propagator in the large-n f approximation is given by
The parameter α 0 does not receive the renormalization [22, 23] . The large-n f expression ofÊ(t −1 ) (3.11) is then simply given by contracting two gauge fields in E(t, x) by the propagator (B9) (it is easy to see that the other Feynman diagrams that potentially contribute toÊ(t) always lower the powers of n f ). The contraction yieldŝ
This is the expression in the leading order of the large-n f approximation. Now, the large-β 0 approximation is simply defined by replacing the factor − 4 3 T R n f in the above expression by the one-loop coefficient of the beta function,
That is, in this large-β 0 approximation,Ê(t −1 ) is given bŷ
where we have set τ ≡ p 2 and used A defined in Eq. (2.18). By expanding Eq. (B12) with respect to α, we have the perturbative series in the large-β 0 approximation,
wherek 0 = 1 agrees with the exact LO calculation. We also compare the first two perturbative coefficients with the exact perturbative coefficients obtained in Refs. [21, 30] in Appendix C.
The Borel transform corresponding to the perturbative series (B13) is given bỹ
The singularities of the Borel transform are located at u ≡ β 0 b/(4π) = 2, 3, 4, . . . , while the so-called ultraviolet (UV) renormalons (singularities at negative b) do not exist. This is because the UV behavior is improved by the gradient flow.
C. Comparison of the large-β 0 approximation and the explicit perturbative computation forÊ(t −1 )
It is interesting to assess the quality of the large-β 0 approximation forÊ(t −1 ). We compare the results in the large-β 0 approximation computed in Appendix A with the explicit perturbative calculation in Refs. [21, 30] . Defining the perturbative series aŝ
one has [21] 
and [30] 
where we set
Here β 0 is given by Eq. (B11) and β 1 is the two-loop coefficient of the beta function,
The perturbative coefficients in the large-β 0 approximation (B13), on the other hand, yield ) 2 /µ 2 ≃ 0.014. We set G = SU (3) and n f = 0.
From the above expressions, we can confirm that the leading logarithmic terms [i.e., the O(L) term in k 1 and the O(L 2 ) term in k 2 ] are correctly reproduced in the large-β 0 approximation (which is a general feature of the large-β 0 approximation). Also, we see that the leading large-n f terms, the O(n f ) term in k 1 and the O(n 2 f ) term in k 2 , are correctly reproduced; this is also expected because the large-β 0 approximation becomes exact in the large-n f limit.
We now compare the behavior of the perturbative series obtained in the large-β 0 approximation with that in the exact calculations. In Fig. C1, we show the result for G = SU (3) and n f = 0. Since the perturbative coefficients in the large-β 0 approximation used here contain the parts which are not generally reproduced correctly, this is a non-trivial check of the quality of the large-β 0 approximation. One sees that they have qualitatively similar behavior.
D. Attempt of numerical estimate of gluon condensate
In this section, we attempt a numerical estimate of the renormalon-free gluon condensate Eq. (2.22) . For this, we use lattice data ofÊ(t −1 ). We compare it with the renormalon-free OPE formula given in Eq. (3.20) to extract the value of the gluon condensate with using c RF ½,Ê (t) given in Eq. (3.17). We exhibit how sufficiently or insufficiently our framework works at a practical level, which is based on the large-β 0 approximation.
We use lattice data obtained by the FlowQCD collaboration [31, 32] . 19 In Fig. D1 , we show the lattice results forÊ(t −1 ) for the bare gauge couplings, β = 6.4, 6.6, 6.8, 7.0, and 7.2. To show the lattice data in Λ
3-loop MS
units, we used the relation between β and the lattice spacing a obtained in Ref. [32] . 20 We see that the lattice data among different β's overlap each other in the region t(Λ Fig. D1 ) regarding it as the continuum limit. 21 We compare the lattice result in ) 2 = 5.3 × 10 −4 . 22 This is legitimate because both predictions should be accurate in such a short distance region. The above condition yields r = 0.395. 19 We are grateful to Masakiyo Kitazawa for providing us the numerical data. 20 We neglect the estimated errors in Ref. [32] in our analysis. 21 The selected region t(Λ
) 2 ≥ 0.01 satisfies √ t 4a. We adopt such a large scale hierarchy to suppress the finite a effect taking into account that we do not take the continuum limit. 22 The LL prediction is the 1-loop renormalization group (RG) improvement of the leading order (LO) prediction. Similarly, the NNLL prediction is the 3-loop RG improvement of the NNLO prediction. Due to the matching of the coupling at the lattice cutoff, the difference between these predictions at t(Λ ) 2 . From the lower panel, it seems that a component with the power smaller than 2 remains in the difference, i.e., the difference does not show t 2 behavior. Thus, we cannot extract the gluon condensate, which is the coefficient of the t 2 -term of the OPE (3.20) .
This failure is attributed to the fact that we use the large-β 0 approximation to evaluate the Wilson coefficient c ½,Ê (t −1 ). In this approximation, the perturbative error does not reach its minimal error (renormalon uncertainty) of ∼ t 2 , which is expected to be observed in sufficiently large order perturbative calculations. This is not surprising because the large-β 0 approximation takes into account the partial set of the Feynman diagrams and is accurate only at the LL level. In case we do not know sufficiently large order result, the difference between nonperturbative and perturbative results behaves as ∼ α n (1/ √ t) rather than t 2 .
22 Although the large-β 0 approximation is not sufficient to detect t 2 behavior, we now investigate whether such a behavior is observed when we use the exact perturbative calculation, which is currently known up to NNLO, namely O(α 3 ) [30] . In Fig. D3 , we compare the NNLL result with the lattice result. The renormalization scale is taken as µ = 1/ √ 8t. We again examine the effective power in x = t(Λ
) 2 of their difference, which turns out to be still smaller than 2. We also show the results with the different choices of the renormalization scale but they exhibit similar results.
From the above analyses, we conclude that in order to determine the renormalon-free gluon condensate reliably, we need a formulation beyond the large-β 0 approximation and also need further higher order results than currently available one.
